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Abstract
In combination of multiple partitions, one is usually interested in deriving a consensus solution with a quality
better than that of given partitions. Several recent studies have empirically demonstrated improved accuracy of
clustering ensembles on a number of artificial and realworld data sets. Unlike certain multiple supervised classifier systems, convergence properties of unsupervised clustering ensembles remain unknown for conventional combination schemes. In this paper we present formal arguments
on the effectiveness of cluster ensemble from two perspectives. The first is based on a stochastic partition generation
model related to re-labeling and consensus function with
plurality voting. The second is to study the property of the
“mean” partition of an ensemble with respect to a metric
on the space of all possible partitions. In both the cases,
the consensus solution can be shown to converge to a true
underlying clustering solution as the number of partitions
in the ensemble increases. This paper provides a rigorous
justification for the use of cluster ensemble.

1 Introduction
Recent research on data clustering is increasingly focusing on combining multiple data partitions as a way to improve the robustness of clustering solutions. It has been
shown that a meaningful consensus of multiple clusterings
is possible by using a consensus function that maps a given
ensemble (a collection of different partitions of a data set)
to a combined clustering result. Several efficient consensus functions have been derived from statistical, graphbased and information-theoretic principles. A variety of
known consensus functions are based on co-association matrix [5, 6, 7], hypergraph cuts [13, 9], mutual information
[15], mixture models [14] and voting [3, 4]. Extensive exResearch supported by ONR grant no. N00014-04-1-0183.
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periments with these functions indicate that a combination
of clusterings is capable of detecting novel cluster structures. Empirical evidence also supports the idea that requirements for individual clustering algorithms can be significantly relaxed in favor of weaker and inexpensive partition generation.
With all this progress, we are still lacking a rigorous understanding of why clustering ensembles can converge to a
better consensus solution as compared with individual components of an ensemble. Basic properties of the consensus solutions have not been rigorously analyzed for existing consensus functions. The challenge of explaining the
cluster ensembles is two-fold. First, a consensus of unsupervised classifications does not conform to the rules established for multiple classifier systems due to the invariance of clustering to class label permutations. All the partitions which differ only in cluster labeling are identical. Second, analysis of consensus solutions must include both consensus functions as well as assumptions about the ensemble generation mechanism. Indeed, clustering ensembles
merely represent a more sophisticated class of clustering algorithms utilizing a two-step process – ensemble generation
and search for consensus.
Several difficulties must be resolved in providing the
“proof of consensus”. Primarily, we need a good probabilistic model of individual unsupervised classifications as
the components of ensemble. Many studies use the k-means
algorithm and its randomness in choosing the initial cluster centers to generate diverse components. Unfortunately,
at present we are unable to formally characterize the distribution of the k-means partitions of a data set produced
from random initializations. In general, it is very difficult
to make any analytic statement about a partition generated
by a clustering algorithm. Moreover, some consensus functions, which act on the samples from such distributions of
partitions, are either heuristic in nature or have no explicit
objective function. For instance, the consensus results of
hypergraph partitioning or agglomerative clustering algorithms for co-association matrices are difficult to predict.
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To circumvent these difficulties, we have made several
simplifying assumptions. As in the case of analyzing classifier combinations in supervised learning, we model the output of a clustering algorithm without referring to any property of the algorithm. Rather, the partition generated by an
algorithm is interpreted as a noisy version of the groundtruth partition of the data set. Two approaches of analysis are considered. The first is based on the assumption
that the unsupervised classifications of data are produced
in two steps: each partition is a noisy version of the true
partition, where all the cluster labels undergo a random permutation. The goal of consensus function is to discover the
true underlying partition. As we explain below, voting with
re-labeling can detect the true partition with probability approaching to 1 as the size of ensemble increases. Our second approach is based on the fact that a consensus function
can be regarded as finding a “mean” partition of different
partitions in a cluster ensemble, with respect to a metric
defined on a space of partitions. By using results of large
deviation theory, we can show that the chance of failing to
discover the true partition drops exponentially with increasing number of partitions in the ensemble.
The notation used in this paper is as follows. A data set
which we want to cluster into k clusters is represented by
X = {x1 , . . . , xn }, with |X | = n. The set of all possible
partitions of X into k clusters is denoted by P, with P =
{P1 , P2 , . . . , Pm }, where each Pi represents a partition of
X into k clusters. The cardinality of P, also known as the
Stirling number of the second kind, is denoted by m. The
(unknown) “ground-truth” partition of X is denoted by C.
The cluster ensemble of N partitions is denoted by DN =
(C1 , . . . , CN ), where Ci represents a random partition of X
that followsP
the probability measure µ, i.e., P (Ci = Pj ) =
µ(Pj ), and j µ(Pj ) = 1.

2 Consensus based on voting
In this section, we analyze consensus solution obtained
by plurality voting. We first define the probabilistic model
for generating partitions that is based on mis-labeling and
label permutation in section 2.1. Section 2.2 discusses the
process of re-labeling, and section 2.3 shows that plurality
voting used in the consensus function can indeed recover
the ground truth partition, even with an imperfect collection
of partitions.

2.1 Stochastic partition generation model
The true partition C of the data set X can be written as
C = {C(x1 ), C(x2 ), . . . , C(xn )}, where C(xj ) = l, if the
object xj belongs to the l-th cluster, l ∈ {1, . . . , k}. The
cluster labels by themselves are irrelevant and simply used
to specify the partition. Let the first n1 objects belong to the

cluster 1, next n2 objects belong to the cluster 2, etc., such
that n1 + n2 + · · · + nk = n. Each observed partition Ci in
the ensemble Ds is generated by two transformations of the
true partition C: noise C ′ = F (C) and label permutation
C ∗ = T (C ′ ).
First, a random noise with probability (1 − p) is applied
to a cluster label C(xj ) of each object xj , j = 1, 2, . . . , n.
The value C(xj ) is replaced by a new random label l from
{1, . . . , k} with equal probability q, for all values l 6=
C(xj ). Hence, an object keeps a correct label C(xj ) with
probability p, and acquires an incorrect label with probability (1 − p). We assume that all the incorrect labels are
equally probable:
1−p
.
q=
k−1
We say that the first step generates a noisy version C ′ (X)
of the true partition C:
C ′ = {C ′ (x1 ), C ′ (x2 ), . . . , C ′ (xn )}.
The second step performs a random permutation of the labels in a noisy partition C ′ . The label permutation T =
{σ(1), σ(2), . . . , σ(k)} is drawn from a set of all possible
permutations of k labels with uniform probability. The partition C ∗ (X) = T (C(X)) becomes a member of an ensemble:
C ∗ = {C ∗ (x1 ), C ∗ (x2 ), . . . , C ∗ (xn )},
and C1 , the first partition in the cluster ensemble, takes this
value of C ∗ . The above process is repeated with different
realizations of F (.) and T (.) to generate other partitions Ci
in the ensemble. The observed ensemble DN is just the
collection of N random partitions:
DN = {C1 , C2 , . . . , CN }.
The label permutation, which is absent in supervised
classifier combination, is a major difficulty in deriving a
consensus solution from multiple clusterings. One can note
that this ensemble generation procedure can be also described as a sampling of object’s labels from a finite mixture
of multivariate multinomial components. A mixture model
admits maximum likelihood solution for consensus clustering, but is difficult to analyze in terms of convergence. That
is why we proceed with the voting-type consensus function,
where explicit parallels with the supervised case of multiple
experts are possible. Figure 1 illustrates ensemble generation with 4 partitions of 7 objects.

2.2 Voting consensus function
A consensus function maps a given set of partitions in
the ensemble to a single consensus partition. Voting procedure can be used to find a target partition if (i) all the
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with respect to Cr is achieved by the re-labeling: 1 ↔ 1,
2 ↔ 3, 3 ↔ 2 (shown by bold edges in the graph).
Hence, the most consistent re-labeling would return Ct =
{2, 1, 2, 2, 3, 3, 3}. In general, minimization of clustering
error with respect to the true partition is equivalent to maximization of the weight of complete bipartite matching:
max

{yij }

Figure 1. An example of ensemble generation.

Subject to

k X
k
X
k
X
j=1

Figure 2. The bipartite graph for two partitions
Cr and Ct .

ensemble’s partitions use exactly the same set of cluster labels and (ii) clusters in different partitions are consistently
labeled. A notion of consistent labeling can be made precise using our assumption about partition generation process: the best possible labeling of clusters in the ensemble
should minimize the number of incorrectly labeled objects
in comparison with the true partition. In order to achieve
the most consistent labeling of clusters in a partition, we
must solve an assignment problem equivalent to maximum
weight bipartite matching problem. Equivalent matching
problem is constructed from a contingency table between
two partitions. A contingency table contains a number of
cluster label co-occurrences counted for two partitions of
the same set of objects. For example, for two partitions
Cr = {1, 1, 2, 2, 2, 3, 3} and Ct = {3, 1, 3, 3, 2, 2, 2}, we
find the following contingency table

Cr

1
2
3

1
1
0
0

Ct
2
0
1
2

3
1
2
0

and the equivalent weighted bipartite graph (figure 2). The
minimum number of misassigned objects in partition Ct

wij yij

i=1 j=1

yij =

k
X

(1)
yij = 1, yij ∈ {0, 1},

i=1

where {wij } are the values in the contingency table, and
{yij } are indicator variables which determine the correspondence between the clusters in the two partitions. An
optimal solution of the problem (1) can be found by Hungarian algorithm [12] with the complexity O(k 3 ).
A consistent re-labeling of all the partitions in the ensemble can be obtained by using a single common reference
partition Cr . Ideally, the true partition is the best choice
for a reference partition Cr , which, of course, is unavailable to us. In practice, any partition from the ensemble
can be chosen as a reference partition. Then, all the remaining components of the ensemble can be relabeled by
solving the problem in Equation (1) for every pair of partitions (Cr , Ci ), i = 1, ..., N, i 6= r. Once all the partitions
are re-labeled, plurality voting can be used to determine a
consensus label for each object. Plurality voting decides in
favor of a label, which is most frequently selected by individual experts in the ensemble for the given object. Unlike
majority voting, more than half of the votes are not required
for plurality consensus. Clearly, the accuracy of the consensus solution depends on the accuracy of: (i) decisions made
by individual experts (clusterings), and (ii) their correct relabeling through a solution of the matching problem. Both
these procedures are analyzed in detail now.

2.3 Supervised plurality consensus
Suppose that a re-labeling of an ensemble has been done.
We make this assumption before considering the accuracy
of such a re-labeling in the next section. Given this, one has
to deal with the ensemble of experts (partitions in the ensemble) where each expert is accurate with probability p∗ .
Note that the probability p∗ that an object has a correct true
label is generally different than the probability p, that the
object label was not changed by noise F (.), because of additional label permutation T (.). Our first goal is to demonstrate that the accuracy of consensus solution, pc , improves
with the increasing ensemble size if each expert performs
better than random. Specifically, we expect that ensemble
accuracy pc for k-class problem using the plurality voting
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combination rule satisfies:
lim pc (p∗ , q) = 1, for p∗ >

q→∞

1
.
k

(2)

Note that pc is a function of p∗ and q because the performance of the ensemble, in general, depends on the noise
level. The correctness of Equation (2) is commonly assumed in the literature for multiple classifier systems, yet
its proof was given only recently for k = 3 and for general k with “best” non-independent classifiers [2]. Here, we
would like to provide a simple proof of this convergence
property for independent classifiers. Further, it will be utilized for unsupervised case as well.
We will assume that all the individual experts are independent. We shall focus on the label of a particular object
xl . Each decision on the object’s class (label) is correct
with probability h. All the incorrect decisions are equally
probable for any given object. Let Z1 be the number of
votes in favor of the correct class and Zi be the number of
votes for an incorrect class i, 2 ≤ i ≤ k. Given N independent decisions, the joint probability of random variables
Z1 , Z2 , . . . , Zk is a multinomial:
P (Z1 = N1 , Z2 = N2 , . . . , ZK = Nk )
N!
=
hN 1 g N 2 . . . g N k
N1 !N2 ! . . . Nk !

(3)

lim pc = lim P (Z1 > Z2 , Z1 > Z3 , . . . , Z1 > ZK ) = 1

= 1 − P (Z1 ≤ Z2 or Z1 ≤ Z3 or . . . or Z1 ≤ Zk )

N
X

i=⌈ N2+1 ⌉

N!
hN (1 − h)N −i
i!(N − i)!

⌈ N2+1 ⌉−1

+

P (Z1 ≤ Zi )

N →∞

(6)
Figure 3 illustrates the dependence of plurality voting accuracy pc for N = 1, 4, 7, 10, 15, 20, 50 when k = 3. The
value of ensemble accuracy in this case is given as:
pc =

pC = P (Z1 > Z2 , Z1 > Z3 , . . . , Z1 > Zk )

≥1−

Since each expert is better than random, h ≥ 1/k, we find
that E[Yi ] = h − g > 0. Furthermore, Equation (5) implies
limN →∞ V ar[Yi ] = 0, which leads to limN →∞ P (Yi ≤
0) = 0. As a result, perfect accuracy is asymptotically
achieved:
N →∞

Here, g = (1 − h)/(k − 1) is probability of each possible
incorrect class, and N = N1 +N2 +. . .+Nk . The probability, pc , of correct classification by N experts using plurality
voting is:

k
X

Figure 3. Accuracy of plurality voting

X

N
−1
X

i=⌈ N3+1 ⌉ j=N −2i+1

i=2

 1 − h N −i
N!
hi
i!j!(N − i − j)!
2

(4)

(7)

Consider any term P (Z1 ≤ Zi ) in the sum in Equation (4).
We intend to show that for all i > 1, as P (Z1 ≤ Zi ) → 0
as N → ∞, that would also imply pc → 1 as stated in
Equation (2). Probability P (Z1 ≤ Zi ) can be rewritten as
P (Yi ≤ 0), with Yi = (Z1 − Zi )/N . Expected value and
variance of Yi can be obtained from multinomial distribution in Equation (3):

For k > 3, the complexity of similar expressions quickly
becomes prohibitive for closed form analysis. Certain
Monte-Carlo estimations of the values of pc were obtained
in [10]. Note that for small values of N , combination accuracy pc can be smaller than the accuracy h of each member
of an ensemble if 1/k < h < 1/2.

Nh − Ng
E[Yi ] =
= h − g,
N
   

1 
1
X
,
V ar[Yi ] = 2 1 −1 Cov( 1 )
−1
X
N
i


 
h(1 − h)
−hg
X
where Cov( 1 ) = N
−hg
g(1 − g)
Xi
(5)

2.4 Probability of label permutation
The stochastic partition generation process in section 2.1
includes a label permutation step T (.) because the Hungarian algorithm that matches the cluster labels of Cr with
those of Ci can make an error. Consequently, the probability that an expert (an aligned partition in the ensemble)
assigns the correct label to an object, p∗ (defined in section
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2.3), can be less than p. Strictly speaking, an expert can
give the correct label to an object even when the Hungarian
algorithm has made a mistake, because the expert may as
well have assigned a wrong label to the object, and these
two types mistakes can to cancel each other. This does not
affect our analysis below, however, because we are only interested in an upper bound on the probability of error. Also,
these “double mistakes” are rare and ignoring it does not
have any practical consequences.
It is, however, difficult to conduct a probabilistic analysis
of the result of the cluster label matching process, because
Hungarian algorithm is defined only algorithmically. It is
hard to obtain the distribution of its output based on a distribution of the input. Instead, we try to find bounds on the
probabilities of the output. Without loss of generality, suppose the correct matching between the partitions Ci and Cr
is to match the j-th cluster in Ci to the j-th cluster in Cr .
Hungarian algorithm is guaranteed to find this matching if
the (j, j)-th entry in the j-th row of the contingency table is
the largest for all j. Since the conversion of the cluster label
C(xl ) to C ′ (xl ) due to noise is assumed to be independent
for different l, each row of the contingency table can be considered separately. It is easy to see that the entries in each
row of the contingency table follow a multinomial distribution. Let γj be the probability that the (j, j)-th entry is not
the largest in the j-th row in the contingency table. We have
γj ≤ P ( (j, j)-th entry ≤ nj /2)
⌈

=

nj
2

⌉

X
i=0

In this section, we present an alternative proof of the effectiveness of cluster ensemble by considering the properties of the mean partition with respect to a metric on a space
of partitions.

3.1 Definitions
Let d(Pi , Pj ) denote a metric for two elements in P.
Many metrics have been proposed in the literature to compare two partitions of a data set, such as Rand index, Jaccard
coefficient, Fowlkes and Mallows index, and Hubert’s Γ, all
of which are discussed in [8]. Although these are similarity
measures, they can be easily converted to metrics because
their values are upper bounded by one and the upper bound
is attained if and only if two partitions are identical. Recently, normalized mutual information [7] and variation of
information [11] have been used to compare two partitions.
Here, we only require d(., .) to be symmetric, non-negative
and d(Pi , Pj ) = 0 only when Pi and Pj are the same. In
particular, we do not require d(., .) to satisfy the triangle
equality. One interpretation of consensus function is that it
attempts to find the “mean” of the partitions in the ensemble. Formally, a consensus function applied to ensemble Ds
of size s should return partition Ĉ such that
Ĉ = arg min

Pj ∈P

nj !
pi (1 − p)n−i ,
(nj − i)!i!

where nj is the size of the j-th cluster. If nj is large, by
large deviation principle [1], the summand above can be approximated using I(x), the rate function of Bernoulli trial,
defined as
I(x) = x log

x
1−x
+ (1 − x) log
.
p
1−p

(8)

Assuming p > 0.5, we obtain γj ≤ e−nj I(0.5) = (4p(1 −
p))nj /2 . The probability that the Hungarian algorithm
makes a mistake can be upper bounded by ke−nj I(0.5) =
k(4p(1 − p))nj /2 . So, a lower bound for p∗ in section 2.3 is
∗

3 Consensus as the mean partition

nj /2

p ≥ p(1 − k(4p(1 − p))

),

(9)

under the approximation that the dependence between the
error of the Hungarian algorithm and the error of labeling
an individual object by the expert is negligible. Since the
argument in section 2.3 requires only p∗ > 1/k, a lower
bound of p∗ is sufficient to derive the convergence of the
consensus of a cluster ensemble to the true partition.

s
X

d(Pj , Ci ).

(10)

i=1

One such example is the consensus function based on voting, which uses the Hamming distance between Pj and Ci ,
after the matching of cluster labels by the Hungarian algorithm, as the metric. The consensus function based on mutual information in [15] can be regarded as another example,
though, in this case, the partition that maximizes the sum of
a similarity measure is returned instead.
The second tool for our analysis is a probability measure
µ on P, which characterizes the noise process that distorts
the ground-truth partition. Each partition Ci in the ensemble Ds is a random variable sampled according to this measure, i.e., P (Ci = Pj ) = µ(Pj ). In order for C to be interpreted as the ground-truth, we require C to be the “mean”
according to µ, i.e.,
C = arg min
P ∈P

m
X

µ(Pi )d(P, Pi ).

(11)

i=1

Intuitively, the distance of C from all the partitions in the
ensemble should be the smallest. This is consistent with
the definition of mean in the usual sense. There are two
ways to specify probability measure µ. Usually, a stochastic partition generation process can be specified (as in section 2.1) that automatically induces a probability measure
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on P, given C. Alternatively, µ can be defined using distance d(., ):

Cramer’s theorem [1] and the continuity of Γ∗ (x), we have
s

µ(Pi ) ∝ exp(−λd(Pi , C))

(12)

where C is a location-type parameter and λ is a scale-type
parameter. The proportionality constant ommited in Equation (12), in general, depends on C.

3.2 Analysis of a simple case
The final goal of our analysis is to answer the question:
what is the probability that the consensus partition Ĉ in
Equation (10) is equal to the true partition C? Will this
probability approach to 1 when the size of the ensemble increases indefinitely? The answer is affirmative. For simplicity, we shall assume Equation (11) has only one solution,
i.e., P is unique.
We begin by studying a simpler version of the problem.
Consider two arbitrary partitions, α and β, such that α is
more “appropriate” mean partition than β, in the sense that
u≡

m
X

µ(Pi )d(α, Pi ) −

m
X

µ(Pi )d(β, Pi ) < 0.

(13)

i=1

i=1

Intuitively, the average distance (with respect to the distribution µ) from α to all the partitions is smaller than that
from β. Consider a random ensemble Ds = (Y1 , . . . , Ys )
of s partitions, such that Yi ∈ P are i.i.d. random variables
drawn from the
If, for a particular realizaP distribution µ. P
s
tion of Dk , si=1 d(α, Yi ) ≥
i=1 d(β, Yi ) is satisfied,
then β is more appropriate than α as the mean partition.
Hence ensemble Ds leads to a wrong consensus solution.
We want to estimate the probability for this error to occur.
Let Zi = d(α, Yi ) − d(β, Yi ) be a real-valued random variable. Assuming that µ gives positive probabilities to both
partitions α and β, we can see that v ≡ Var[Zi ], the variance of Zi , is positive. Error (incorrect consensus) occurs if
P
s
i=1 Zi ≥ 0. Define
Γ(λ) ≡ log E[eλZi ] = log

m
X

µ(Pi )eλZi ,

(14)

i=1


Γ∗ (x) ≡ sup λx − Γ(λ) ,

(15)

λ∈R

where Γ(λ) (λ ∈ R) is the logarithm of the moment generating function of Zi , also known as the cumulant generating
function. Γ∗ (x) (x ∈ R) is the Fenchel-Legendre transform
of Γ(λ) [1]. Since for all λ, Γ(λ) is now finite, continuous, and the variance of Zi is non-zero (implying the second
derivative of Γ(λ) evaluated at λ = 0 is positive), Γ∗ (x) is
a continuous convex function with minimum value 0. This
minimum value is attained only at x = E[zi ] = u. By

1
1X 
Zi ∈ [0, ∞]) = − inf Γ∗ (x)
log P (
s→∞ s
x∈[0,∞]
s i=1
(16)
Since Γ∗ (x) is the smallest when x = u < 0,
inf x∈[0,∞] Γ∗ (x) is simply Γ∗ (0) and we write e ≡
inf λ∈R Γ(λ) = Γ∗ (0) > 0. Since e is a positive constant,
substituting α by the true mean partition C leads to the following theorem.
lim

Theorem 3.1. If s → ∞, the probability of obtaining
any partition β other than C as the mean partition of an
ensemble Ds decreases exponentially with respect to s:
O(exp(−se)), where e is a positive constant.
The exact value of constant e depends on the minimum
value of the moment generation function. If d(., .) and µ
were given, we could, in principle, find the minimum of
Γ(λ) by setting its derivative to zero. However, such optimization can be very complicated and requires complete
knowledge of µ. A reasonable approximation of e only
from the values of u = E[Zi ] and v =PV AR[Zi ] is possible. By the Central Limit Theorem, 1s si=1 Zi is approximately normal with mean u and variance v/s. Using the
rate function of the normal distribution, e can then be approximated as u2 /(2v).
Consider one intuitive interpretation of this result. Suppose α and β are far apart and lie in regions of P with high
and low probabilities, respectively. In this case β should be
a much better estimate of the mean partition than α. The
values of d(α, Pi ) − d(β, Pi ) are negative for most partitions {Pi } with high probability, meaning that u takes a
large negative value. So, e is large too, and the probability of error decreases very rapidly with s. This agrees with
our expectation.
In practice, both u and v are hard to compute unless the
support of µ contains only few elements. We can approximate u and v by either summation over Pi such that µ(Pi )
are significant, or by adopting Monte Carlo simulation. The
later is particularly appropriate when µ is defined only implicitly in an algorithmic form as a process to corrupt the
true partition, such as the generation model described in
section 2.1. The sampling according to distribution µ can
be accomplished by following the noise model.

3.3 Analysis of the general problem
We now consider the general problem: what is the probability that the estimated consensus Ĉ (defined in Equation
10) based on Ds is different from C? Ĉ is different if there
exists a partition β ∈ P such that β is more “central” than
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4 Conclusion

C. In other words,
Prob(Ĉ 6= C) =
s
[
X

d(C, Ci ) − d(β, Ci ) ≥ 0})
Prob(
{
≤

β∈P,β6=C i=1
m
s
X
X

Prob(

i=1

j=1,Pj 6=c

≈


d(C, Yi ) − d(Pj , Ci ) ≥ 0)
m
X

e−se(j)

when s → ∞

j=1,Pj 6=C

Here, we denote the dependence of e on β by writing e(j),
with β = Pj , and m is the total number of possible partitions. In the limiting case as s goes to infinity, the above
summand will be dominated by the term with the smallest
e(j), i.e.,

In this paper we have presented two approaches to prove
the utility of the consensus partition of a cluster ensemble.
The first approach is based on a plurality voting argument,
while the second is based on a metric and a probability
measure on the space of partitions. In both cases, we have
shown that the consensus partition indeed converges to the
true partition when the ensemble consists of a large number
of partitions. Convergence of voting consensus solutions is
guaranteed as long as each expert (partition) gives a better
than random clustering result. In the second approach, we
give an estimate of the rate of convergence. The current paper complements the existing empirical literature on cluster
ensembles and provides rigorous proof of the utility of consensus partition.
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